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Abstract
Coexistence features of cluster states and mean-field-type states are discussed
in three nuclei, 20Ne, 44Ti, and 32S. It is demonstrated that AMD studies of
these nuclei reproduce successfully many experimental data of the coexistence.
According to AMD, the percentage of the 16O + α cluster component in the
ground state of 20Ne is about 70 % and that of the 40Ca + α cluster componen
of the ground state of 44Ti is about 40 %. These percentages decrease for
high spin members of the ground rotational bands; for example 34 % and 25
% for the 6+ states of 20Ne and 44Ti, respectively. We see that, inspite of
these rather small percentage numbers, the relative motions of 16O - α and
40Ca - α are excited to yield the excited rotational bands with much larger
percentage numbers in 20Ne and 44Ti, respectively. Similar situation is seen
in the superdeformed excited band and 16O + 16O molecular bands in 32S.
The mechanism of the structure change from shell-model-like ground state
to cluster states is discussed through the analysis of the monopole transitions
between ground state and cluster states in 16O and 12C. Our arguments are
based on the Bayman-Bohr theorem which says that the SU(3) shell model
wave functions of the ground states have dual character in the sense that they
are equivalently expressed by cluster model wave functions.
1 Introduction
In 1968 I published a paper [1] with Ikeda in which a cluster structure of12C + α in 16O was proposed
for the Kπ = 0+ band upon the 0+ state at 6.05 MeV and the Kπ = 0− band upon the 1− state at
9.58 MeV. Similarly, a cluster structure of 16O + α was proposed in 20Ne for the Kπ = 0+ band upon
the ground state and the Kπ = 0− band upon the 1− state at 5.80 MeV (Fig.1). The Kπ = 0− band
member states were found through the elastic scattering of α particles on12C and 16O to have large α
decay widths comparable to the Wigner limit values [2]. In this paper it was insisted that the existence of
the inversion doublet bands with Kπ = 0+ and Kπ = 0− is just a clear evidence of the spatial clustering
of ” core + α ” configuration which has the intrinsic wave function expressed as
Φ± = (1± P ) Φ(′core′ + α), (P = parity projection operator), (1)
where ’core’ stands for 12C or 16O and Φ(′core′ + α) is a parity-violating wave function.
On the basis of the fact that the cluster states of 8Be ground band, the Hoyle state of 12C, and
the inversion doublet bands in 16O and 20Ne are located near or above the corresponding threshold
energies of cluster breakup, Ikeda proposed the idea of the Ikeda diagram [3]. This diagram describes
systematic structure change of the ground state with mean-field type structure to various cluster states by
the activation of clustering degrees of freedom.
The 12C + α structure in 16O was strongly supported in middle 1970’s by the successful calculation
with the 12C + α OCM ( orthogonality condition model ) [4]. This calculation reproduced not only the
inversion doublet bands but also almost all the T = 0 states up to the excitation energy around 12 MeV
with respect to the excitation energies, α-decay strengths, and E2 and E0 strengths.
The following two subjects have been what we recognized as fundamental problems of nuclear
cluster physics since 1970’s: (1) how is the coexistence of cluster states and mean-field-type states in
nuclei ?, (2) how does nuclear structure change from shell-model-like ground state to cluster states ?
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Fig. 1:
In this talk I first review some of the present understandings of the first subject. I discuss this sub-
ject by using the results of the AMD ( antisymmetrized molecular dynamics ) studies of the coexistence
features of cluster states and mean-field-type states in the cases of 20Ne, 44Ti, and 32S. I then discuss
the second subject by using our recent study of the E0 transitions between cluster states and the ground
state in 16O and 12C.
2 Coexistence features of cluster states and mean-field-type states in 20Ne, 44Ti, and 32S
Coexistence features of cluster states and mean-field-type states have been studied in many nuclei. As
representative examples of such studies, here I review AMD calculations of the coexistence features in
the cases of 20Ne, 44Ti, and 32S.
2.1 AMD theory
A brief explanation of the AMD model is as follows. The basic building block of the AMD wave function




det{ϕ1, ϕ2, · · · , ϕA}, (2)









χi = αiχ↑ + βiχ↓, |αi|2 + |βi|2 = 1, ξi = proton or neutron. (5)
This wave function Φint is projected to a good-parity wave function Φ±,
Φ± = (1± P )Φint. (6)
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The parameters of Φ±, νσ,Ziσ, αi, and βi, are determined by energy variation under the constraint of the
given value of the deformation parameter β0, and such wave function Φ± is denoted as Φ±(β0). From
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Fig. 2:
AMD study of 20Ne in Ref. [5] (Fig.2) has shown that the 16O + α component of the ground band
is about 70% for low spin states and decreases to about 30% for high spin states. An important reason of
this decrease of the cluster component for higher spin states is the nucleon spin aligment which is against
the formation of α cluster [6]. The nucleon spin alignment is reflected in the expectation value of the
two-body spin-orbit force which is -5.2 MeV for the 0+ state and increases to -8.4 MeV for the 8+ state.
The percentageof the 16O + α component of the parity inversion partner band with Kπ = 0− is much
larger than the ground band and is about 95% for low spin states but it again decreases to about 70% for
high spin states. The expectation value of the two-body spin-orbit force is -0.8 MeV for the 1− state and
increases to -1.3 MeV the 9− state.
AMD calculation reproduces the Kπ = 0+4 band which has the band head 0+ state at 8.3 MeV
and gives the value around 80% for the 16O + α component in the case of the low spin band members
while it gives the value around 60% in the case of high spin members. The16O + α component of this
band has one more nodal points in their relative wave functions between16O and α. Therefore we can
regard that this band is formed by the activation of the 16O - α clustering degree of freedom embedded
in the ground band states. This band is usually called the higher nodal Kπ = 0+ band .
The reliability of this AMD calculation is ascertained by good reproduction of many data including
energy spectra, α decay widths, and E2 transition rates. An important point is the good reproduction of
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the energy spectra and E2 transition rates of the Kπ = 2− band which has a mean-field-type structure. It
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Fig. 3:
Discussions about the alpha clustering character of the ground band of44Ti which had been made
by many authors became possible to be made on firmer experimental basis by the discovery of the Kπ =
0− band which has the band head 1− state around 7 MeV abd has rather large component of 40Ca +
α structure [7]. AMD study of 44Ti in Ref. [8] (Fig.3) has shown that the 40Ca + α component of
the ground band is about 40% for the ground state and decreases to about 5% for the 12+ state. These
percentage numbers are fairly smaller than the corresponding numbers in the ground band of20Ne, which
is reasonable because the spin-orbit effect is much stronger than in20Ne and the core nucleus 40Ca is
much larger than the 16O core in 20Ne. The percentage of the 40Ca + α component of the Kπ = 0− band
which corresponds to the obsereved Kπ = 0− band built upon the 1− state around 7 MeV is larger than
the ground band and is about 56% for the band head 1− state but it again decreases to about 32% for the
9− state. The expectation value of the two-body spin-orbit force is -9.5 MeV for the ground state while
it is -4.3 MeV for the band head 1− state of the Kπ = 0− band, which is the reflection of the smaller
breaking of the spatial symmetry of the Kπ = 0− band. The AMD calculation gives excited bands with
Kπ = 0+ and Kπ = 0− which have 40Ca + α component with respective percentage numbers 46 % and
63 % for the band head 0+ and 1− states. The 40Ca + α components of these Kπ = 0± bands have one
more nodal points than the lower Kπ = 0± bands in their relative wave functions between 40Ca and α,
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and thus these Kπ = 0± bands are called higher nodal Kπ = 0± bands. In Ref. [7], the higher nodal
Kπ = 0± bands are reported to be observed experimentally.
In the ground state of 44Ti, the 40Ca + α component is contained by only about 40%. But the AMD
calculation does not give any other 0+ state which has larger percentage of 40Ca + α component below
the higher nodal 0+ state. Thus we are allowed to say that the parity inversion partner of the observed
Kπ = 0− band built upon the 1− state around 7 MeV is the ground band. The higher nodal Kπ = 0±
bands can be regarde as the excited bands which are formed by the activation of the40Ca - α clustering
degree of freedom embedded in the ground band.
The reliability of this AMD calculation of 44Ti is ascertained by good reproduction of many data
including energy spectra, α spectroscopic strengths, and E2 transition rates. An important point is the
good reproduction of the energy spectra and E2 transition rates of the mean-field-type states. What is
remarkable about mean-field-type states in 44Ti is the existence of low-lying superdeformed band with
Kπ = 0+ and its side band Kπ = 2+. AMD gives large deformation of β ≈ 0.5 and large triaxiality
of γ ≈ 25◦. These superdeformed bands are not likely to have similarity to 36Ar + 2α structure. For
example, the expectation value of the two-body spin-orbit force is about -27 MeV for the band head 0+
state of the superdeformed band while the corresponding value expected for the36Ar + 2α structure is
about -17 MeV. The low-lying Kπ = 3− and 1− bands are also well reproduced and are shown to have
mainly 1-particle-1-hole structure analogous to the Kπ = 2− band of 20Ne.
2.4 32S case
32S gives us a good chance to study the relation between superdefomed states and molecular states.
AMD study of 32S [9] gave us an example of the intimate relation between superdefomed states and
molecular states. This AMD calculation by the use of the Gogny D1S force gives almost the same
answer for the superdeformed excited rotational band as the Hartree-Fock calculations [10] which starts
at about 9 MeV excitation energy. It is to be noted that the minimum energy by the16O + 16O Brink
wave function is higher by about 10 MeV than the superdeformed 0+. The Hill-Wheeler calculation by
superposing the states on the AMD energy curve gives the refined superdeformed band and other two
high-lying rotational bands in addition to the ground state and low-lying excited states. The16O + 16O
component contained in the superdeformed band head state is about 42 % and those contained in other
two high-lying rotational band head states are 71 % and 73 %. The expectation values of the two-body
spin-orbit force are -4.5 MeV, -3.2 MeV, and -2.8 MeV for the superdeformed and two high-lying band
head states, respectively. In spite of the rather small percentage number of 42 %, the value -4.5 MeV
for the superdeformed state is not so large. The 16O + 16O components contained in the superdeformed
and high-lying bands have the 16O - 16O relative wave functions whose number of N = 2n + L are 24,
26, and 28, respectively. Here n and L stand for the number of nodes and the angular momentum of the
relative wave function, respectively.
In Ref. [9] the Hill-Wheeler calculation was made in wider basis space by adopting 16O + 16O
Brink wave functions in addition to the basis states on the AMD energy curve (Fig.4). This improved
Hill-Wheeler calculation gave only little change to the superdeformed band; the energy gain was very
small and the percentage of the 16O + 16O component contained in the superdeformed band head state
changed from about 42 % to about 44 %. However the improved Hill-Wheeler calculation gave rather
large change to the two high-lying bands, namely the percentages of the16O + 16O components contained
in these two band head states changed from about 71 % and 73 % to about 90 % and 98 %, respewctively,
although the energy gains for these two bands were small. The higher band with N = 28 is thus
almost pure 16O + 16O molecular band. As we explain below this N = 28 band can be regarded as
corresponding to the band of observed molecular resonances of16O + 16O.
An important progress in the study of 16O+16O molecular states was made at the end of 1980’s,
which was the discovery of the nuclear rainbow phenomena in the16O+16O elastic scattering [11]. This
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Fig. 4:
to be deep contrary to the very shallow potentials long used to describe low energy scattering. This
deep potential picture is also necessary and successful for neighboring systems like12C - 12C and 12C
-
16O. Recently it was argued on the basis of the unique 16O - 16O potential that the band of observed
16O - 16O molecular resonances corresponds to the calculated rotational band having the number of
N = 2n + L = 28 of the 16O - 16O relative motion [13]. Furthermore it was argued that the lowest
rotational band having the lowest Pauli-allowed number of N = 2n+L = 24 has its band head 0+ state
at about 10 MeV in excitation energy. Thus we consider the N = 28 band by the above-mentioned AMD
study corresponds to the band of observed molecular resonances of16O + 16O. The AMD study teaches
us that the 16O + 16O molecular resonance band is formed by the activation of the16O - 16O clustering
degree of freedom embedded in the superdeformed band.
3 E0 transitions between ground state and cluster states in 16O and 12C
Recently I began to study, with Ikeda and other coauthors, monopole transitions between the shell-
model-like ground state and excited states with cluster structure [14]. It is because this study gives us
very important information on the structure change between shell-model-like states and cluster states.
E0 transition strengths between ground state and cluster states in light nuclei are rather strong with
their order of magnitude comparable with single-nucleon strength. This looks strange because cluster
states are many-particle many-hole states in the shell model description which implies E0 strengths
from the ground state look much smaller than the single-nucleon strength. However, when we note
the dual character which usual ground state wave functions of light nuclei have, observed E0 strengths
comparable with single-nucleon strength can be explained naturally. The dual character of the ground
state wave function means that the ground state wave function can be expressed both in shell model way
and in cluster model way. Consider as an example the double closed shell wave function of16O. It can
be equivalently expressed by cluster model wave functions;
det |(0s)4(0p)12| = cLA [R4,L(rα−C, 3ν)hL] , hL = [YL(r̂α−C)φL(12C)]J=0φ(α), (9)
where R4,L(r) is harmonic oscillator radial function with angular momentum L and number of oscillator
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quanta 4, 4 = 2n + L. This equality holds for any L among L = 0, 2, and 4. This mathematical fact
is known as an example of the ”Bayman-Bohr theorem” [15]. Therefore the E0 transition between the
ground state and the cluster state with its wave function A [χL(rα−C)hL] can be regarded as the E0
transition between R4,L(rα−C, 3ν) and χL(rα−C). The exact analytical formula of M(E0) in the case
of L = 0 which corresponds to 0+2 state of 16O is given as






η6〈R40(r, ν)|r2|R60(r, ν)〉, (10)
where τL,N = 〈ΨL,N |A{ΨL,N}〉 with ΨL,N = RN,L(rα−C, 3ν)hL, and ηN is the expansion efficient
of |0+2 〉 by A{ΨL,N}, namely |0+2 〉 =
∑∞
N=6 ηN (CNA{ΨL,N}) with ||CNA{ΨL,N}|| = 1. Since√
τ0,4/τ0,6 ≈ 1.0 and η6 ≈ 0.35, this analytical formula shows us that M(E0, 0+2 → 0+1 ) is of the order
of the single-nucleon strength.
In Ref. [14] similar analytical formulae were derived for the 0+3 state of 16O and the 0+2 state
of 12C ( Hoyle state ) and the formulae showed us that the E0 strengths are of the order of the single-
nucleon strength. As the wave function of the Hoyle state the THSR wave function was adopted [16].
Good reproduction of data was shown to be obtained by taking into account the effect of ground state
correlation due to the activation of the clustering embedded in the ground state.
4 Dual character of nuclear wave function
As explained above rather strong M(E0) between cluster states and shell-model-like ground state can be
explained by using Bayman-Bohr theorem for the ground state. This theorem says that the nuclear many-
body wave function possesses two faces, face of mean-field-like structure and face of cluster structure.
This fact may look like only a mathematical feature of the wave function. But it also represents a physical
feature. It is because there do exist two kinds of excitation modes on the basis of this dual nature of the
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of the structure of 1-particle and 1-hole, namely they are the excited states due to the mean field type















1 , are dominantly of the cluster structure of12C + α, namely they are the excited states due
to the excitation mode of 12C - α relative motion.
In section 2 we have seen similar situation in 20Ne, 44Ti, and 32S. In the ground band of 20Ne,
the 16O + α component is contained by at most 70 %. This 16O + α component is mostly equivalent to
SU(3) shell model wave function due to Bayman-Bohr theorem:
|(0s)4(0p)12(1s, 0d)4;SU3(8, 0)J〉 = CJA{R8,J(rα−16O)φ(α)φ(16O)}. (11)
We saw that the excitation of 16O - α relative motion imbeded in the ground band gives rise to the
excited cluster bands, Kπ = 0− and Kπ = 0+4 bands. Similarly in the ground band of 44Ti, the 40Ca
+ α component is contained by at most 40 %. This 40Ca + α component is mostly equivalent to SU(3)
shell model wave function due to Bayman-Bohr theorem:
|40Ca (0f, 1p)4;SU3(12, 0)J〉 = DJA{R12,J(rα−40Ca)φ(α)φ(40Ca)}. (12)
We saw that the excitation of 40Ca - α relative motion imbeded in the ground band gives rise to the
excited cluster bands, Kπ = 0−, and N = 14, 15 higher nodal bands. In the case of 32S we showed that
the superdeformed band contains 16O + 16O component by about 44 %. This 16O + 16O component is
mostly equivalent to shell model wave function with 4p - 4h excitation:
(0, 0, 0)4(1, 0, 0)4(0, 1, 0)4(0, 0, 1)4(1, 0, 1)4(0, 1, 1)4(0, 0, 2)4(0, 0, 3)4
= nA{X(0,0,24)(rO−O)φ(16O)φ(16O)}. (13)
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We explained that the excitation of 16O - 16O relative motion imbeded in the superdeformed band gives
rise to the 16O + 16O molecular resonance band.
From those examples in 12C, 16O, 20Ne, 44Ti, and 32S, one may say that the coexistence of cluster
structure and mean-field-type structure is logical necessity of the dual chacter of nuclear wave function.
Recently I have argued this point with K. Ikeda, K. Kato, and T. Yamada, and we have called this dual
nature of nuclear states the Janus nature of nuclei [17]. Of course this mechanism of the coexistence of
mean-field type and cluster type states is based on the nature of nuclear force. Nuclear force has strong
tensor force which gives rise to tightly bound alpha cluster and it is of course responsible to the formation
of the mean field which is close to the harmonic oscillator field.
5 Summary
(1) We first explained inversion doublet model in 16O∗ and 20Ne, and the IKEDA diagram. (2) Coexis-
tence features of cluster states and mean-field-type states in 20Ne, 44Ti, and 32S were discussed on the
basis of AMD studies. (3) Rather strong E0 transitions between cluster states and ground state in16O
and 12C were explained by using Bayman-Bohr theorem. (4) Coexistence of cluster states and mean-
field-type states was discussed on the basis of dual character of nuclear wave function. I would like to
dedicate this talk to Prof. Kiyomi Ikeda for the congratulation of his 75th birthday !
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